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CHROMATICITY COMPENSATION - BOOSTER SEXTUPOLES 

S.A. Bogacz, K-Y. NE and J-F. Ostiguy 

Accelerator Physics Department, 
Fermi National Accelerator Laboratory* 

P.O. Box 500, Batavia IL 60510 

April 1994 

The current Booster lattice is studied in the context of full cbromaticity compensation in the pres- 
ence of the sextupole fields generated by the combined function magnets. The sextupole excitation at vari- 
ous energies, found from chromaticity measwements and Booster lattice analysis, was compared with mag- 
netostatic multipole calculations. Both results agree very well and they are consistent with the original de- 
sign specifications. Two families of correcting sextuple magnets are employed to compensate the sex- 
tupole excitations and to adjust the chromaticby (in both planes) to a desired value, which is set by bead-tail 
stability consideration. A brief discussion of tbe Booster’s bead-tail instability is carried out via the 
Sacherer-Vlasov formalism. Analysis of the required correcting sextupole strengths is carried 0111 along the 
momentum ramp with the measured sextupole excitations of the combined function magnets. The resolts of 
our cakulation give quantitative insight into the requisite perfomtance of the sextopole magnets. It calls for 
much stronger sextupole strengths - at the level which can no longer be supported by the present correcting 
sextuple magnet design. Quantitative assessment of tbe effect of the stronger compensating sextupoles oa 
tbe dynamic aperture was carried out in terms of the distortion functions. The requisite sextupole contigura- 
tion does not signiticaody enhance tbe third order resonance stop-band - the dynamic aperture remains at ac- 
ceptable level. 

*Operated by the Universities Research Association, Inc.. under a contract with the U.S. Department of Energy 



INTRODUCTION - BOOSTER LATIICE 

Before we proceed with the chromaticity compensation analysis a brief overview of the current 

Booster lattice and its basic features is in order. The Booster lattice is made up of 24 identical FDOODFO 

cells. As illusuated in Figure 1, the cell contiguration: horizontally focusing magnet - short drift space - 

horizontally focusing magnet - horizontally defocusing magnet - long drift space-horizontally defocusing 

magnet, provides room for tbe RF cavities within the standard cells. Since tbe lattice half-cell is not sym- 

metric, the beam size is different in each magnet and, consequently, the focusing strengths of F and D com- 

bined function magneu are different. The magnets are assembled in 48 modules (two modules per cell). 

Apart from the F and D magnets, each module consists of a choke, a capacitor bank. an ion pump, a set of 

correction magaeLs and a beam position monitor. Two trim correction magnet packages are placed in each 

period. Each package contains a horizontal dipole, a vertical dipole, a quadrapole and a skew quadrupole. 

There are also two families of correcting sextupoles, but they we not considered a part of the correction 

packages. All Booster corrections elements are air core magnets. 

The nominal betatroll frequencies in the horizontal and vertical planes are Y,~ = 6.7 and Y, = 6.8, re- 

spectively. Therefore, there are no second or third order sawtare resonances adjacent to the working dia- 

mond. The lattice tunes are set by the quadnrpole strengths of the combined function magnets (focusing and 

defocusing). The corresponding quadruple strengths are given by k, = 2.20 II-’ and -2.77 m-l. As was 

mentioned the Booster lattice includes two families of correcting sextuple magnets (horizontal and vertical) 

placed at locations, where the corresponding beta functions (horizontd and vertical) reach maximum values. 

One can see from Figure 2 that the horizontal sextupoles are placed in the shorr straight section of every 

other cell, while the vertical correcting sextupoles are placed in groups of three in the long straight sections 

of three equally spaced cells (cell 2, cell 10 and cell 18). 
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As we will show in this study, more scxtupole field is needed to compnsate the net chromaticity to 

the desired level set by head-tail instability present in the Booster. This calls for either stronger sextupole 

magnets, or for larger number of correcting sextupoles (enhanced lattice). Both options are explored here. 

Possible performance improvement of the present air core sextupole magnet (enhanced sextap& strength) 

can be achieved by surrounding a scxtupok magnet with an iron shell (to decrease the reluctance of the exle- 

rior magnetic path). The maximum enhancement level is estimated using magnetostatic calculation ~SUIII- 

ing an infinitely thick shell. The second option - putting additional sextupole correctors at various new lo- 

cations, which have recently opened was also examined. Both options of stronger sextupole compensation 

were studied from the point of their impact on the dynamic aperture. No significant second order distortions 

effects were found, which supports our claim that one can safely add more sextupole field. 



BOOSTER CHROMATICITY- LINEAR MODEL 

The integrated sextupole strength, g, (or S), of an individual sextupole magnet of length L, in 

Teslalm (or in geometric units of III-*) is introduced as follows 

+ -&j~B”(l)dl)r’=-$ gx2=-Ss2 , 

where x, x’ are generic coordinates of a transverse phase-space (horizontal or vertical). Here B,p is the mag- 

netic rigidity and B” is the second derivative of the vertical magnetic field with respect to x. 

Apart from two families of correcting sextupoles, there are also additional sextupole fields con- 

tributed by the 96 combined function magnets t,F and D). The sextulwle contribution from a combined func- 

tion magnet is due primarily to pole geomeUy and remaneat magnetizalion. Detailed numerical modeling of 

the multipole content of the F and D magnet geometries is presented in dte next section. 

For the purpose of our model, the sextupole content of each F and D magnet can be accounted for in 

the Booster lattice by inserting identical zero-length sextupoles at five equally spaced locations along each 

magnet. Significant variation of the horizontal and vertical beta functions along the F or D magnet (see 

Figure 1) calls for distributed sextupole conuibution, rather than a lumped sextupole inserted at the middle 

of the magnet. A discrete five-point-configuration mocks-up sufficiently well continuous distribution Of 

sextupole effect in a realistic Booster magnet (funher increasing of number of discrete points yields no 

chromaticity change). The integrated strength of the sextupole can be conveniently expressed in terms of the 

normalized sextupole strength, b,, as follows 
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S = ‘Jbcnd bz 3 

(2) 

b, =A 
0 

‘; B”(l) dl 

He= %eod is the bend angle of the combined function magnet. 

The goal of the two families of sextupoles (h and v) is to compensate the natural chromaticity, 3”. 

in the presence of the F and D magnet sextupole excitations, S, and S,, to some desired value, & (both in 

the horizontal and vertical planes), The following definition of chromaticity is used 

Av=x: , (3) 

where Av is the tune shift corresponding to the rclntive longitudinal momentum offset : 

Assuming that the net chromaticity (in both planes) depends linearly on four independent sextupole 

sources (S,, S,, S,, So) one can quite generally write down chromaticity in terms of eight sensitivily coef- 

ficients. Using matrix multiplication this relationship assumes the following compact form 

I.=&‘+(:)+(;) (4) 

Here, the underlined symbols denote 2.dim columu vectors (their components correspond 1” the horizontal 

and vertical planes). The bold face characters, h4 and D, represent two-by-two matrices - one cm easily 

identify the eight sensitivily coefficients with the element.. of the Iwo matrices. One can notice in passing, 



that both M and D depend exclusively on the lattice properties. A generic sensitivity coefficient can be ex- 

pressed in terms of the Twiss functions according to the following relationship 

M,=kx pPi~“i 
i(v) 

(5) 

Here, the summation i(v) goes over locations of all sextupoles of a given family W, where p’i and D’i are 

values of the beta function and dispersion at those locations @t indicates either horizontal or vertical Twiss 

f”“ctio”s). 

Solving E+(3) with respect to the correcting sextuple strengths g (in TesWm) yields the following 

formula 

g = (B,P) M-l _x - _x” - D 

The above expression will be used to analyze the required sextupole strength a.5 a function of changing mo- 

mentum along the Booster ramp. The sensitivity coefficients for all four families of sextupoles, M and D. 

are simulated for the Booster lattice using MAD tracking code’ (version 8.71). The resulting sensitivity co- 

efficients along with the natural chromaticity, x0, are listed below - 

1.94 0.15 
M= x 102, 

-0.31 -0.53 

6.20 1.71 
D= x 102, 

-1.58 -2.59 
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To complete Ute sextupole strength analysis, outlined by Q.(b), one has to gain some insight into 

the sextupole excitations of the combined function magnets (F and D) and their variation with the B-field. 

This will be discussed in detail in the next section via magnetostatic simulation for both geometries of the 

F and D magnets. 

Another independent way of obtaining information about the sextqwle excitation of Ihe combined 

function magnets comes from the beam measurement. Using available chromaticity measurement2 with 

both families of correcting sextupoles (h and v) turned off, one can calculate the sextuple excitations of the 

F and D magnets at various energies along the ramp. This information could be recovered by solving Eq.(4) 

with respect (0 S, and S,. The corresponding expression is given below: 

x- xO-IM 
- - w 

Since the correcting sextupoles are off, g = 0, the above equation reduces to 

SF 
0 SD = D-‘[II - _X” ] 

(8) 

(9) 

The chromaticity measurements at vtious energies are illustmtcd in Figure, 3 along with the sex- 

tupole excitations curves obtained from these measurements via !3.(9), with the sensitivity matrix D ob- 

tained numerically viaMAD as given by Q.(7). These results will be compared with a magnetostatic calcu- 

lation of the effects of pole geometry and remanent magnetization on the sextupole excitations for the F and 

D combined function magnets. 
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SEXTUPOLE CONTENT OF THE COMBINED FUNCTION MAGNETS 

The bending guide field in the Booster syochrotron is provided by 96 combined function magnets, 

each approximately 3 m long. ‘Ihe magnetic field varies from approximately 500 Gauss at injection up to 

7C00 Gauss at extraction. The magnets are powered in a resonant circuit by a 15 Hz sinusoidal waveform 

resulting in a field of the form 

B(t)=Btin++(B,,,- B,;.) [l - cos(ot)] (10) 

The Booster D and F magnets cross-sections3 are shown in Figure 4. It should be noted that these 

magnets are not mirror images of one another. While the F magnet has a horizontal good field width of 4.3 

inch and a vertical aptSure of 1.64 inch the corresponding dimensions for the D magnet are 3 inch and 2.2.5 

inch respectively. 

One of the technical difficulties in a conventional low energy syncl~ro~on is the field quality degrada- 

tion at low energy due to remanent fields. For a simple uniform gap configuration, one can easily show, os- 

ing Ampere’s law, that the remanent field is 

Br=+aH, $ , (11) 

where g is the pole gap, A is the path in iron and H, is the average coercivity along this path. For a typical 

magnet, t is of the order of 10 - 20 and 14, H, is of the order of 1 Gauss. One therefore expect? a dipole 

tield of the order of 10 - 20 Gauss. For the Booster magnets, this might represent 1 - 5% of the bending 

field at injection. Aside from the obvious effect on the dipole component of the field, one also expects, be- 

cause of the finite extent of the pole face, the remanent magnetization to contribute a negative sextupole 

component to the field. 
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The distinctive characteristic of the remanent magnetization contribution is that it tends to be relatively in- 

dependent from the excitation. Therefore, when normalized with respect to the main field, the relative con- 

tributions from the remanem magnetization u) the magnetic field an? expected to gradually be reduced to zero 

as the excitation current is increased from its minimum to its maximum value. 

Calculations were performed using a standard finite element code (PE2D). The results are presented in 

Table 1 and 2. They confirmed the design dipole and focusing strength. Furthermore, higher multipole val- 

ues (up to the 24-pole) were also calculated for both F and D magnets. In both tables, the multipoles are 

normalized values at 1 inch. For the D magnet, the calculated dipole field was 6.65239 x IO* Gauss with an 

excitation of 1518 Ampere-turn and 6.18884 x IO3 Gauss for an excitation of 1414s Ampere-turn. For the 

F magnet, 8.31474 x lo* Gauss for 1384 Ampere-tom and 7.68313 x lo3 Gauss for 12900 Ampere-rum. 

Complete magnetic field profiles for both F and D magnets hased on the calculated multipole conteot are il- 

lustrated in Figures 5 and 6. 

The Booster magnets are operated well below saturation and not surprisingly, the calculations 

show that there is no significant dependence of the field harmonics on the excitation cweot. The magni- 

tudes of the dipole sod quadmpole components of the tield are in excellent agreement with the desigo values. 

The sextupole component (the third row in Tables 1 and 2) can be easily converted into b,, detined in 

E&(2), simply by dividing them hy 2.54” x 104. After conversion, the simulated values of b, in [m-*1 are 

given as follows: 2.41 x lo-‘, for the F magnet and -6.24 x 10m5 for the D magnet. As explained before, 

the sextupole compoaeat of the bending magnet magnetic field can be exuacted from a beam-bayed chro- 

maticity measurement (see Figure 3). The be,ambascd (measured) values of b, in [m-‘1 are listed iui: 2.0 x 

1O-S for the F magnet and -6.9 x llP* for the D magnet. One uan see that the calculated sextupole compo- 

nents at 8 GeV are in gcwd agreement with the values inferred from chromaticity measurements. 



Booster F magnet multipoles (x 10”) 
(normalization radius = 1 inch) 

pole Injection Extraction 

2 1.00000 x 104 l.cOOoO x 104 

4 5.62210 x lo2 5.62409 x lo2 

6 1.42220 x loo 1.5.5437 x 100 

8 3.38836 x 1O-2 3.47808 x lo-* 

10 6.73212 x IO-’ 6.85997 x 10-l 

12 -4.33973 x 10-l -4.36889 x 10-l 

14 -1.08279 x lo0 -1.11523 x 100 

16 6.44508 x 10-l 6.84466 x 10-l 

1X 1.17022 x lOa 1.156.52 x lo0 

20 1.92633 x lo-’ 3.86541 x 10-l 

22 -8.00929 x 10-l -9.04634 x 10-l 

24 -2.47537 x lOa -2.3786.5 x lo0 

Table 1 
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Booster D magnet multipoles (x 104) 
(normalization radius = 1 inch) 

pole Injection Extraction 

2 1.00000 x 104 

4 -7.02859 x lo* 

6 -3.91965 x loo 

8 -2.98606 x 10-l 

10 4.49709 x 10-1 

12 2.77620 x 10-l 

14 8.44590 x 10-Z 

16 -2.13484 x 10-l 

18 4.47200 x lO-2 

20 1.93170 x 10-l 

22 -1.16070 x 10-Z 

74 -1 117fit x In-1 

1.OOmo x 104 

-7.02743 x lo2 

-4.02587 x loo 

-2.95847 x 10-l 

4.37877 x 10-l 

2.70908 x 10-l 

7.02125 x lo-* 

-2.11247 x10-l 

4.20609 x lo-* 

2.02255 x 10-l 

-9.91963 x IO-) 

-1 f,?lll win-1 

Table 2 
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The small difference in b,‘s (0.4 x 10-j II-* for the F magnet and 0.6 x 10-s m-* for the D magnet) 

can be attributed to the fact that the sextupole obtined from beam based measurement includes magnet end 

contributions. while the magnetostatic calculation is strictly 2-dimensional and it accounts only for the 

‘body’ contribution u) the multipoles. At injection energy (200 MeV), the sextupole components for both 

the D and F magnets are more negative than the magnetostatic prediction. 

The difference between the values at injection and extraction is to be interpreted as a meawe of the 

remanent magnetization contribution to the sextupole. These values of remanent sextupole component b, in 

[m-*1, inferred from Figure 3, are given as follows: 2.7 x 1O-J, for the F magnet and 4.9 x 10-s for the D 

magnet. ‘Ike information provided by the team-based measurement is extremely valuable since it is difficult 

to calculate remanent magnetization effects The good agreement between the calculated sextupole compo. 

nents and the ones derived from the beam-based chromaticity metwxement at 8 GeV makes one relatively 

confident that the bean-based chromaticity measurements2 are correct. 
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POTENTIAL IMPROVEMENTS TO AIR CORE SEXTUPOLES 

It has been suggested to increase the strength of the existing air-core chromaticity correction sex- 

topole magnets by introducing an external iron shell. This is illustrated schematically in Figure 7. The field 

enhancement effect due to an iron shell can be estimated by using the following result: for a filament of cur- 

rent located at (p. I$) inside a circular hole of radius R carved into a medium of relative permeability p the 

complex coefticienu C,eiun - the multipole expansion of the field are given below’ 

C.eiaO lo 
7=-ii s [ 

k-1 pa d# l+- p+, Fe I 
in+ 

(12) 

For a pure sextupole current layer of inner radius a and outer radius b, with a uniform current density givea 

JdP,W = J3cos30 (13) 

one can easily carry out the integration in the right hand side of Eq.(12), which reduces to the following 

simple expression 

P-1 bS - as 
P+I 5R6. 1 (14) 

Under ideal conditions, i.e. p = - &I is about 100 for iron) and a = h = R, the sextupole field could be dou- 

bled. More realistically, let a = b < Rand I = b - a << R. The above expression, Eq.(l4), becomes 

c&-y [1 + c$ $1 (15) 



Figure 7 
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The sextupole field is enhanced roughly by a factor I + (;)“. It 1s probably unrealistic to expect an 

enhancement faclor larger than 1.5 in a real device. We note that because the exterior field decays faster as 

the pole number increases, field enhancement with an iron shell is less effective for a sextuple than for a 

dipole magnet. One should also consider a new sextupole magnet design - an iron core sextupole - e.g. a 

similar design to the Main Injector sextuple corrector. with the fast cycling feature taken into account. 
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HEAD-TAIL INSTAEIIJXW LIMITS 

Following Sacheret’s argument5 one can generalize a simple formalism describing a wake field driven 

coherent Matron motion of a coasting beam to model head-tail instability of the bunched beam. ‘lk in- 

verse growth-time of the I-th mode is expressed by the following formula 

3=-p& Re & . (16) 

where E = ym,c2 is the Iota1 energy, v is the betatron tune and /3 is the average beta function. Here, Zt, de- 

notes the effective transverse impedance defined as follows 

<*=* & gz,&J P’(Op - q) I 
p=-” 

(17) 

where 0~ = ’ CO, and top = 0, + v)w,. Here, Z, denotes the transverse coupling impedance, I, is the total 

current of a bunch of length 7^ (in time units). The following approach assumes ‘ad hoc’ existence of a 

given head-tail mode, I, by imposing specific periodic dependence of the betatron motion with respect to the 

longitudinal posilion, ‘r Tbe beam power spectrum for a given mode is defined as follows 

P’(O) = 
h’(0) 

2 h’(w, - Ox) 
p = -m 

WV 

The explicit form of the power spectnan of a sinusoidal mode, as assumed hy Sacherer, is given hy the fol- 

lowing expression 
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h’(w) = $ (I + 1) 1 + (-1)’ cos(2&) 

[(2&/x)* - (I + 1)2]* 
(19) 

As discussed in detail in Ref. 6. in order to obtain a substantial effective impedance for relatively 

small chmmaticities & - 10) one has lo start with the transverse impedance, which signiticanlly overlaps 

with the beam spectrum (see E&(18)-(19)). We tentatively identified kicker magnets as a possible source of 

offending impedance, which possesses the above feature and therefore will contribute substantially to the ef- 

fective impedance. There are eight kicker magnets: both injection, extmction and abort kickers located 

around the ring. The real part of the VansverSe coupling impedance of a kicker of half-width a. half-height b 

and length L is given by the following analytic expression6 

ReZ,(o)=‘$ i (I-cosw+) , 

where for the Booster’s kickers the following lisl of parameters holds: 

z, = 377 oh”3 

L=2m 

a=3.7cm 

b = 1.9 cm. 

o-0) 

(21) 

The transverse impedance spectrum described by Eq.(20) has a primary maximum centered at frequency q = 

nc/L followed by a set of secondary maxima. The maximum value and the center frequency of the peak, 

evaluated according to kicker parameters. Eq.(21), are given by 
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Re (Z,)” = ‘2 1 - 2.3 x IO-” Ohm/m , 
4 

aIrI (22) 

The inverse growlh-time as a function of chromaricity was evaluated for different slow head-tail 

modes (1= 0, 1, 2. 3) according to Eqs.(16)-(19). They are illustmted in Figure 8. As one can see, the I = 0 

mode appears to be unstable above transition for small negative cbromaticities and might lead to significant 

enhancement of coherent betatron motion. The obvious cure to stabilize the dipole mode is to maintain ap 

propriate sign (positive) of the net chromaticity. Otherwise, this potentially offending mode can be effec- 

tively suppressed hy the active damper system. This efficient cure for the I = 0 mode obviously does not 

work in case of the higher modes, since its feedback system picks up only the transverse position of a 

bunch centroid. which remains zero due to the symmetry of the higher modes. Another possible cure espy- 

cially effective for the I2 1 modes would iuvolve the Landau damping, e. g. through the octupole-induced 

betatron tune spread. Iucreasing betatron amplitude of iuitinlly unstable mode causes increase of the tune 

spread, which will eventually self-stabilize development of this mode. Here we consider the situation with- 

out any active damper system present. Figure R shows that a net chromaticity of 7 units would keep stable 

IWO domiuant modes (I = 0, 1). Therefore, presented head-tail stability analysis suggests adjusting the net 

chromaticity at -7 (+7) units below (above) transition energy. This result will be used as a starting poiut 

for the chromaticity compensation analysis, which will be discussed in the uext section. 

The ahove analysis may serve as an effective method of getting useful information ahout the URIS- 

verse impedance specuum. If one measured experimentally the growth rate of Ihe dipole mode as a fuuctiou 

of chromaticity, presented formalism would give immediately the absolute value of Re (Z,)““” and the lo- 

cation of center frequency, 0, (see Figure 8). Whether the proposed measurement is feasible is left for fur- 

ther discussion. 
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SEXTUPOLE STRENGTH 

Now. one can evaluate the correcting sextupole strength, g. given by Eq.(4), for each value of b, 

taken from Figure 3. This procedure will generate sextupole strength mmps for both families of correcting 

sextupoles (h and v). Figure 9 summarizes final sextupole requiremenls for two useful chromaticity com- 

pensation scenarios, namely: 1) net cbromaticity in bath planes flips sign at transition (from -7 chromatic- 

ity units before transition to 7 units above transition), 2) zero net chromaticity is maintained throughout 

the whole ramp. In practice, the chromaticity ‘flip’ is done over a finite time interval centered around 

transition. Its duration is governed by the inductance of the sextupole power supplies. One knows from the 

measurement3 how the correcting sextuple slrengths depend on the electric current. The scaling for the hor- 

izontal and vertical co~~ectora are given as follows 

g,,(I) = 3.6 x 10% I [Tesla m-t] , 

g,(I) = 3.1 Y 1tPx I [Tesla m-l] , 

(2% 

where the current, I, is given in Amperes. Using F.q.(23) one can express conteut of Figure 9 in terms of 

current requirements, which is illustmted in Figure IO. 

One can see immediately, that with the present values of maximum current supplied to the correcting 

sextupole magnets (I,,,, = 80 Amperes limited by present power supplies) one could h‘arely compensate 

chromaticity at the beginning of tbe ramp. To carry out proposed compensation scheme above tmnsition 

and eventually throughout the entire ramp oue would have to apply sextupole fields at the level much ex- 

ceeding capability of a present air core sextupole magnet (limited by the maximum current of 280 

Ampres), or its upgraded version discussed in oue of the previous sections, Without resorting to a new de- 

sign of the sextupole corrector, which would accommodate requisite level of performance in the present lay- 

out of correcting sextupoles, one of the obvious solutions is to put more air core sextupoles at various new 
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locations. Here, we propose an ‘enhanced layout’ of correcting sextuples, which is illustrated in Figure Il. 

The ideal fully ‘enhanced layout’ assumes tiat a horizontal sextupole is placed in every short straight sec- 

tion (in 24 cells), while the vertical correcting sextuples are placed, as in the present Booster lattice, in 

groups of three in the long straight sections of three equally spaced cells (cell 2, cell 10 and cell 18), plus a 

single vertical sextupole placed in every long straight section (in all remaining 21 cells). The ahove 

‘enhanced layout’ contains total of 24 horizontal sextupoles (present layout - 12) and total of 30 vertical 

sextuples (present layout - 9). All horizontal (vertical) correcting sextupoles are placed in equivaleut loca- 

tions (with respect to their sensitivity to chromaticity change) in the lattice - the same values of betas and 

dispersion functions (see Q.(S)) in all selected locations. Therefore, the requisite currents illustrated in 

Figure 10 will scale down according to the above enhancement ratios. The ahove fully enhanced correcting 

sextupole layout may have to be compromised due to lack of space in some locations. It was pointed out’ 

that every other short straight section is preseutly occupied by yt-jump quadrupoles. which will he needed 

for transition crossing emitlance preservation if coupled-bunch instabilities can be controlled; i.e. transition 

is not ‘jumped’ now, because blowing up the longitudinal emittauce at transition helps to control the 

coupled-hunch problem after transition. It may also be difficult to find extra room in the long straight sec- 

tions containing douhle& of r.f. cavities. In a realistic sextupole layout, in odder to achieve the desired uet 

chromaticity compnsation, one would have to scale up correcting suengths accord& to the actual numher 

of correcting sextupoles (in a linear fashion). 
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NONLINEARITY CREATED BY SEXTUOPLES -DISTORTION FUNCTIONS ASSESSMENT 

The presence of ccmection sextupoles creates nonlinearity in the Booster lattice. Except near a reso- 

aaoce, this nonlinearity is best described by a set of distortion functions introduced by Collins*. They are 

analogous to the beta functions accounting for presence of quadrapoles. The distortion functions come in 
- - 

five sets (A,, BJ, (As, B,), (A, B), (A,, B,) and (A-, BJ The A’s are in fact derivatives of the B’s, The 

distortion functions are periodic functions around the ring, they rotate as vectors according to the angles, Q,, 

3Q,, Q,, ZQ, + Q,, and 2Q, - Q., respectively, where Qx and Qy are tbe horizontal and vertical Floquet 

phases. Along a thin sextop& of strength S. defined according to w.(l), the B’s are continuous, while the 

frst two A’s and tbe last three A’s have discontinuities given below9 

AA = a j3,” S , 

A;i = i p,‘” p, S , 

(24 

(25) 

respectively, where j3, and p, are the beta functions at the sextupole. 

The fust-order effect of the sextupoles is a change in the transverse beam profde. Locally, at a posi- 

tion along the ring where tbe beta functions are p, and B, , the horizontal and vertical displacements, Ax and 

Ay , of a particle at the edge of the beam are given byI 

- = ff [(A,sin3cp, - B3cos3cp,) - (Alsin3cp, - B,cos3rp,)] (2.6) 

- b [ (A+siv+ - B+coscp+) - ( A_sintp- - B-COSTS..)] , 
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-$ =- ***[(*+sintp+- B+cosq,) + ( Asincp- - B-coscp_)] . (27) 
Y 

where q~+ = 29, f ‘p, and cpx, ‘py are the instantaneous horizontal and vertical betatron phases. Assuming a 

horizontal and vertical nommlized emirtance of ez = ey = 1011 mm-m&, we vary $I, and 9, to find the 

maximum extra excursion of a beam particle at the edge of the bunch for every point along the the Booster 

ring. Here we consider the ‘enhanced’ sextopole layout - 24 horizontaJ sextopoles at the short straights, 3 

vertical sextupoles each at 3 long straights, and one vertical sextugole each at the other 21 long straights. 

These sextopole strengths are adjusted to produce horizwtal and vertical chromaticities of xx = xY = 7 near 

extraction. The result is plotted in Figure 12. We see that the maximum extra excursion is only about 0.6 

mm horizontally and 0.4 mm vertically. 

The second-order sextu@e effect is tune dependent on amplitudes, which can be written in terms of 

the distortion functions as follows 

Av, = - 2 
F 

(Bss+ 3B,+ - 2rr2 +r & (B,s + B-S - 2B,+ , (28) 

‘“, = - 3 & (B+S + B-S - 2B,S), - 2 & (B,s - Be: + 4i~)~ , (29) 

where the summations are carried over all sextupoles. With the above described (enhnnced) arrangement of 

sextopoles, we obtain 

V, = 6.9393 + 39.9 : - 29.1 5 ~ , 

vy = 6.66.53 - 29.1 2 - 12.1 : , 

(30) 
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where ex and eY, are in units of mm-mrad. With emittances of IOR mm-mrad, the tune spreads due to sex- 

tuple nonlinearity are only - O.ooOl in the horizontal and -0.0004 in the vertical directions. 

For comparison, the above analysis was carried out for the present configuration of correcting sex- 

tuples - 12 horizontal sextopoles at the short straights and 3 vertical sextopoles each at 3 long straights, 

Assuming the same net chromaticity compensation at extraction part of the Booster ramp (7 chromaticity 

units in both planes), which could be achieved with much stronger iron core sextuople magnets, the result. 

ing w&pole tune-shifts are given as follows 

Av, = 91.1 > - 77.82 2 , 

ami 

Av, = - 77.82 : - 18.75 : 

(31) 

With emiUances of lor( mm-mrad, the tune spreads due to sextupole nonlinearity are much larger, but still 

acceptable. Similarly, for this case, we vary ‘p, and ‘p, to find the maximum extra excursion of a beam par- 

ticle at the edge of the bunch for every point along the Booster ring. The results, summ,arized in Figure 13, 

show larger excursion of panicles in a beam as one may expect. 
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CONCLUSIONS 

Our analysis of the required correcting sextuple strengths, carried out along the momentom ramp 

with the measured and simulated sextupole excitations of the combined function magnets, concludes that 

maintaining the net chromaticity at the level set by head-tail instability limits requires much stronger sex- 

topoles. The required sextupole strength is at the level. which can no longer be supponed by the present 

correcting sextupole magnet design. One has to consider either a new iron core sextupole magnet design, or 

the upgraded air core magnets placed at all accessible high beta locations - the ‘enhanced’ sextuple layout, 

which is proposed in this paper. Quantiutive awssment of the effect of the stronger compensating sex- 

topoles on the dynamic aperture, carried out in terms of the distortion functions shows that the requisite 

sextupole configuration would not significantly enhance the third order resonance stop-band - the dynamic 

aperture remains at acceptable level. 
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